Abstract. Permutation polynomials have been a subject of study for a long time and have applications in many areas of science and engineering. However, only a small number of specific classes of permutation polynomials are described in the literature so far. In this paper we present a number of permutation trinomials over finite fields, which are of different forms.
Introduction.
A permutation polynomial f (x) over a finite field is a polynomial that acts as a permutation of the elements of the field, i.e. the map x → f (x) is one-to-one. Permutation polynomials are closely related to highly nonlinear functions [13, 14] and other areas of mathematics. They have applications in combinatorial designs [13, 14] , coding theory [8, 21, 31] and cryptography [28, 29, 30] . For instance, Dickson permutation polynomials of order five, i.e., D 5 (x, a) = x 5 + ax 3 − a 2 x over F 3 m , led to a 70-year research breakthrough in combinatorics [13] , gave a family of perfect nonlinear functions for cryptography [13] , generated good linear codes [5] for data communication and storage, and produced optimal signal sets for CDMA communications [12] , to mention only a few applications of these Dickson permutation polynomials. Information about properties, constructions, and applications of permutation polynomials can be found in Cohen [7] , Lidl and Niederreiter [24] , and Mullen [26] . Some recent progress on permutation polynomials can be found in [1, 4, 18, 20, 22, 23, 27, 32, 33, 34, 35, 36] .
Permutation polynomials with fewer terms over finite fields with even characteristics are in particular interesting. For example, in the study of Almost perfect nonlinear (APN) mappings which are of interest for their applications in cryptography, Dobbertin first proved a well-known conjecture of Welch stating that for odd n = 2m + 1, the power function x 2m+3 is even maximally nonlinear [15] or, in other terms, that the crosscorrelation function between a binary maximum-length linear shift register sequence of degree n and a decimation of that sequence by 2m + 3 takes on precisely the three values −1, −1 ± 2 m+1 . The method in fact relies on the discovery of a class of permutation trinomials. Around the same time period, Dobbertin proved Niho's conjecture similarly using a class of permutation pentanomials [16] . Another example of demonstrating the application of permutation polynomials with fewer terms in constructing cyclic codes can be found in [10] . We note that these interesting permutation polynomials are of the simple form, i.e., they have nonzero coefficients equal to the identity. In this case, the permutation monomial is trivial to find and there is no permutation binomials with both nonzero coefficients 1 over finite fields with even characteristic. This motivates us to search for more classes of permutation trinomials with nonzero trivial coefficients, which are potentially useful in above mentioned applications. However, only a small number of classes of permutation trinomials over F 2 m are known in the literature. To the best of the authors' knowledge, the following is a list of known classes of permutation trinomials over F 2 m :
1. Some linearized permutation trinomials described in [24] . 
, where m is odd ( [6] or [17, Theorem 4] ). In this paper, we present a few new classes of permutation trinomials over F 2 m through the study of the number of solutions of special equations. In Section 2, we deal with permutation trinomials over F 2 m such that m is odd. In contrast, we obtain a few more classes of permutation trinomials over F 2 m such that m is even in Section 3. We point out some potential applications in the Section 4 and hope that the interested readers will find the usage of these polynomials in constructing linear codes, bent functions, and difference sets. Throughout this paper, Tr m (x) denotes the absolute trace function on F 2 m .
The case that m is odd.
The first family of permutation trinomials are given in the following theorem. THEOREM 2.1.
Proof. We have that
is a permutation polynomial over F 2 m . We note that g(0) = 0 and
First of all, we show that x = 0 is the only solution to g(x) = 0. If g(x) = 0, then either x = 0 or 1 + x 2 + x 2 (m+1)/2 = 0. If 1 + x 2 + x 2 (m+1)/2 = 0, then 1 + x 2 (m+1)/2 + x 2 m = 0 after we raise both sides to the power of 2 (m−1)/2 . Adding the above two equations, we obtain x 2 m + x 2 = 0. Therefore we obtain either x = 0 or x = 1. However, g(1) = 1. Hence the only solution to g(x) = 0 is x = 0.
Next we prove that g(x) = a has a unique nonzero solution for each nonzero a ∈ F 2 m . That is, for each nonzero a ∈ F 2 m , we prove that there exists a unique nonzero solution x for the following equation:
Rewriting Equation (2.1), we obtain the following equation
Let y = x 2 . Then Equation (2.2) becomes that
Now we try to solve Equation (2.3) for each nonzero a and nonzero y. First, if a = 1, then we have
Hence y = 1 is the unique nonzero solution to Equation (2.3) for a = 1. From now on, we assume a = 1, 0. Raising the power of 2 (m+1)/2 to Equation (2.3), we obtain
Adding Equations (2.3) and (2.4), we have
Therefore the sum of Equations (2.3) and (2.6) yields
Because y = 0, we obtain (a
Hence there exists a unique nonzero solution y to (a 2 (m+1)/2 + a)y 2 (m−1)/2 + (a + 1) = 0 for a = 0, 1. Hence there exists at most one nonzero solution x to Equation (2.1) for each nonzero a. Therefore there exists a unique solution to g(x) = a for each a. Hence the proof is complete.
The following theorem follows from Theorem 2.1. THEOREM 2.2. Let m > 1 be an odd positive integer. Then
The third family of permutation trinomials is described in the next theorem. THEOREM 2.3. Let m be an odd integer. Then
is a permutation polynomial of
We firstly prove that f (x) = 0 if and only if x = 0. Assume, on the contrary, there exists some x ∈ F * 2 m such that
Raising the above equation to its 2 d -th power, we obtain
We compute (2.8) 2 + (2.9) as follows:
Hence we get
After simplifying and rearranging the terms, we have
where
Raising (2.10) to its 2 d -th power, we obtain
We compute (2.10)
where γ. Plugging it into (2.12), we get
. Furthermore, we have
Now we have the following claim:
Claim 1 will be proved later. Raising (2.13) to the 2 i -th power, where i = 0, 1, · · · , d − 1 and then summing them up, we have
and
Plugging the two equations above into (2.10), we obtain
across the two sides of the above equation and using
Substituting D, D 1 , B 1 into the above two equations, and after simplifications, we can easily verify that
and C 2 = A 2 2 B 1 . Hence by (2.14), we have
Plugging it into (2.13), and recalling that D =
, we get
Using the definitions of B 1 , B 2 and B 3 to simplify the above equation, we deduce that
Hence we have
which is reduced to
Since gcd(3, 2 m − 1) = 1, we have b + 1 = a 2 + 1, ie. b = a 2 . Raising it to the 2 d -th power, we get
It is a contradiction since b = 0, 1. Now, to finish the proof of the theorem, it suffices to prove Claim 1. Let
Then
Firstly,
Noting in the second equality of E 2 and the last one of E 1 , we raise left hands of equalities to the 2 d -th power. Hence
. We have
.
Then Claim 1 follows from (2.15). The proof is now completed.
The following theorem follows from Theorem 2.3 easily. THEOREM 2.4. Let m be an odd positive integer. Then
is a permutation polynomial of F 2 m .
3. The case that m is even. We will need the following lemma in the sequel. 
For any a ∈ F r , we want to prove that f (x) = a has a unique solution x ∈ F r . Let f (x) = a. Then we have
Raising both sides of (3.1) to the power of r 1 yields
Combining (3.1) and (3.2) gives
Hence (x + a) r 1 = x + a. This means that x + a ∈ F r 1 .
We first consider the case that a ∈ F r 1 . In this case, a + a r 1 = 0. It then follows from (3.2) that x r 1 = x. Then the equation f (x) = a becomes that x = a. Hence, x = a is the unique solution in this case.
We then deal with the case that a ∈ F r \ F r 1 . In this case the minimal polynomial of a over F r 1 must be of the form
where u ∈ F r 1 and v ∈ F r 1 . Since a and a r 1 are all the distinct roots of x 2 + ux + v = 0, we have
In this case, x 2 + ux + v must be irreducible over F r 1 . By Lemma 3.1, we have that
In this case x = 0 is not a solution of f (x) = a. Multiplying x r 1 +1 on both sides of (3.1), we obtain that
Combining (3.3) and (3.5) yields
Putting x = y + a in (3.6), we obtain
where b = a 2 + a 1+r 1 + a 2r 1 ∈ F r 1 and c = (a + a r 1 )b ∈ F r 1 . If b = 0, then c = y = 0 and x = a. Hence it has a unique solution. In the following we assume that b = 0. Hence c = 0. Our task in this case is to prove that (3.7) has at most one solution y ∈ F r 1 .
On the contrary, suppose that (3.7) has two distinct solutions y 1 and y 2 in F r 1 . Then we have 2 . It then follows from (3.10) that
Note that u = a + a r 1 . It follows from (3.9) that
Hence,
Multiplying u −1 y 2 to both sides of (3.13), we obtain
Plugging (3.14) into (3.13), we obtain that
It then follows from (3.4) that
This is contrary to (3.12). Hence we complete the proof. We shall use the following lemma in the sequel. The proof of the following lemma employs a trick introduced by Dobbertin [14, 17] . Note that q ≡ 0 (mod 3). We obtain that
Sinceȳ/y = y q m/2 −1 and y = g t , ω = g (q m −1)/3 , we have
It follows that 
is a permutation polynomial of F q m if and only if one of the following three conditions holds:
, where exp 3 (i) denotes the exponent of 3 in the cannonical factorization of i. Proof. Note that f (x) = a can be written as
where we assume x = 0. So we have
Raising both sides of (3.20) to the power of q m/2 , we obtain
If a = 0, then by Lemma 3.3, f (x) = 0 has the only solution x = 0 if and only if one of the three conditions in this theorem holds. Now we assume that a = 0 (hence x = 0). Comparing (3.20) Since a = 0, x = 0, by Lemma 3.3, Equation (3.23) has a unique root for any a = 0 if and only if one of the three conditions in this theorem holds. This completes the proof. In Theorem 3.4 putting q = 2 and k = 2, we obtain the following. COROLLARY 3.5.
is a permutation polynomial of F 2 m . As a byproduct we have the following. COROLLARY 3.6. Suppose 4 | m. Then the polynomial
is a permutation polynomial of F 2 m . Proof. Let f (x) be the permutation polynomial defined in Corollary 3.5. The proof of Theorem 3.4 showed that for any x, a ∈ F 2 m , if f (x) = a, then x = g(a). Thus g is the compositional inverse of the permutation f , and so g also induces a permutation of F 2 m .
In Theorem 3.4 putting q = 2 and k = 1, we obtain the following. Proof. The proof is almost identical to that of Corollary 3.6, and is omitted here.
Summary and concluding remarks.
It looks difficult to characterize permutation binomials over finite fields [20] . To our knowledge, no simple characterization of permutation trinomials over finite fields exists in the literature. Hence, it is interesting to construct explicit permutation trinomials. Although the objective of this paper is to prove the permutation property of these trinomials, we would also mention a few applications of these permutation trinomials.
The permutation trinomials over F 2 m presented in this paper can be employed to construct binary linear codes within the framework of [5] . They can also be used to construct binary cyclic codes with the approach described in [10] . We will treat these applications of these permutation trinomials over F 2 m in coding theory in a piece of future work.
These permutation trinomials can also be plugged into the Maiorana-McFarland construction to obtain bent functions [9, 25] . The supports of these bent functions are Hadamard difference sets whose incidence matrices define binary linear codes [2] . This is another way to construct linear codes from these permutation trinomials.
